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A direct numerical simulationDNS) database is used to develop a model of subgrid-scale
temperature fluctuations for use in large-eddy simulations of turbulent, reacting hypersonic flows.
The proposed model uses a probability density representation of the temperature fluctuations.
The DNS database reveals a physically consistent relation between the resolved-scale flow
conditions that may be used to predict the standard deviation of the Gaussian probability density
function (PDF). The model is calibrated and tested by comparison to simulations of decaying
isotropic turbulence. The conditional single-variable PDF model is found to capture the fluctua-
tions in temperature and product formation. 1®99 American Institute of Physics.
[S1070-663(199)01909-1

INTRODUCTION In this paper, we use the DNS database of isotropic re-
acting turbulence to develop and evaluate a model for the
The boundary layer on proposed air-breathing hypertemperature fluctuations. As reactions, we use either dissoci-
sonic cruise vehicles will be turbulent and chemically react-ating nitrogen molecules or dissociating oxygen molecules.
ing. To aid the design of such vehicles, a greater understand-hese are the primary reactions that occur in hypersonic
ing of turbulent hypersonic flows is needed. Direct numericaboundary layers. Our approach builds on the reaction rate
simulations(DNS) of hypersonic flows at realistic Reynolds modeling for combustion applications. In particular, Gaffney
numbers are very costly. For this reason large-eddy simulaet al.” assume a probability density functig®DP for the
tions (LES) of these flows are more attractive. Therefore,temperature fluctuations and investigate how the fluctuations
subgrid-scaldSGS models need to be devised to representaffect the combustion process. The proposed model has a
the turbulence-chemistry interaction in LES of hypersonicsimilar form, however we use the results of DNS to calibrate
flows. the model. Therefore, the parameters that describe the PDF
Much work has been done on the modeling of turbulentare based on resolved-scale turbulence data. This model rep-
reacting flows:~1° However, most of this work has been fo- resents the unresolvedubgrid-scalgfluctuations for use in
cused on combustion related applications, where fluctuationgrge-eddy simulations of turbulence, where the small scales
in the chemical source term are mainly caused by fluctuaare assumed to be isotropic.
tions in the species concentrations. In hypersonic flows, the In the remainder of the paper, we review the governing
equilibrium composition of reacting air depends strongly onequations, we Favre average these equations and show that
the temperature. Furthermore, the reactions are temperatutfee unresolved temperature fluctuations must be modeled for
limited and the reaction rate depends exponentially on temlarge-eddy simulations. We then discuss the data analysis for
perature. With the very high energies present in hypersonithe prediction of the temperature fluctuations, and evaluate
flows, the temperature fluctuations will be large, and result ithe model by comparison with the DNS results.
variations in the reaction rates. Therefore, in hypersonic
flows the temperature fluctuations must be modeled to obtain
accurate rates of reaction and product formation. GOVERNING EQUATIONS
In LES, it is generally assumed that the small scales are
more isotropic and more universal in character for different ~ The equations describing the unsteady motion of a react-
flows than the large scales. Therefore, it is customary to deing flow with no contribution of vibrational modes are given
velop and test SGS models in isotropic turbulence, for lateby the species mass, mass-averaged momentum, and total
use and refinement in the more complex flows. In our previenergy conservation equations
ous work!! we studied the interaction between decaying iso-
tropic turbulence and finite-rate chemical reactions at condi-
tions typical of a hypersonic boundary layer. The results
confirmed that the interaction is characterized by the in- 55y 4
creased or decreased magnitude of the temperature fluctua- T+ K(Puiuj"'péij —0ij)=0,
tions for exothermic or endothermic reactions, respectively. J

dps 0
r + 07_)(] (psUj+ psvs)) = Ws,

e + i (E+p) +qi+ >, hs|=0, (1)
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wherepg is the density of speciesw, represents the rate of FAVRE-FILTERING OF CONSERVATION EQUATIONS
production of species due to chemical reactiongy is the
density of species;u; is the mass-averaged velocity in the
direction; vg; is the diffusion velocity of species p is the

To discuss how the conservation equations must be mod-
eled, we need to separate the resolvable fluctuations from
sum over speciesdensity;p is the pressurey;; is the shear thqse that the grid cann_ot rgsolve. In C_ompre§5|ble floyvs, itis
stress tensor given by a linear stress—strain relationghis; swtab_le to use Favr_e-fllterlng to_ avoid the mtrqduchon of
the heat flux due to temperature gradietisjs the specific subgrid-scale terms in the equatlonNOf conservation of mass.
enthalpy of species; andE is the total energy per unit vol- A Favre-filtered variable is defined &s-(pf)/p, where the
ume given by over-bar denotes a filtering operation that maintains only the

large scales. Accordingly, the Favre-filtered forms of the spe-
. cies mass, momentum, and total energy equations are
EZES PscusT+%Puiui+§s: pshs, 2
Jd __ Jd _
, B , 51 (Ps) F oo (PCHj + pUs+ Vs =W,
wherec, is the specific heat at constant volume of spesjes i
andhg represents the heat of formation of speces 9 9

We consider a simple reaction system: Dissociation of —t(ﬁ'ﬁi)+ K(ﬁﬁﬁﬁﬁ&ﬁrn—aij):o,

diatomic molecules. This is the primary reaction that occurs !

in hypersonic boundary layers, and it serves as a good ex- s 4 [ _ . 5 ®
ample for the form of the chemical source term. The nitrogen s + x (E+p)U;—0;U; +T; +p2 Csusjhs
dissociation reaction may be written symbolically as ! S
N+ M=2N+M, 3 +98,Q;+3;+ > hiVyj| =0,
S

whereM represents a collision partner, which is eitheradx
N in this case. The source term for, Man be written using
the law of mass action

wheret,=p,/p is the Favre-averaged mass fraction, and the
SGS diffusion velocity of species has been introduced

Vsj=p(Cl; — T ). 9
— _Muk PN | [ PN Py In the momentum equation;; is the SGS stress
WN,= NIy M M
N N N =0T -TT.
7j=p(UiU; —TT;), (10
2 —~ . . .
PN anda;; has been simplified according to
e R R B " ’
N N2 N - - JUi - JDJ 2~ Jl]k
Oij=ho -t g~ O, (11
and Wy, = —Wy. ki andk, are the forward and backward ] ! K
reaction rates, respectively; these are written as thus, the viscosity is assumed to be a weak function of the
mixture mole fractions, and its fluctuations are neglected. In
ki=CT7e T, the energy equation, we have introduced the average specific
(5) heatsg,, the SGS heat flux
K¢ ~ .

: . and the SGS kinetic-energy flux
whereC, 7, and@ are experimentally determined constatits, 9

and K is the known temperature-dependent equilibrium
constant?

For a two-species mixture, the diffusion velocity can be
accurately represented using Fick’s law

p T — ~ o~ o~
EJZE(UKUKUJ‘_UKUKUJ‘). (13)

These terms are derived by considering the Favre average of
the energy-velocity product
JCq

E (6) BT =p2sCosCellj T+ 3pU Ul + p3 ch"CU;
j

psvsj=—pD

. . : o BT 43+ 3 Ve +53.Co( T Uy — T T,
wherecg=p¢/p is the mass fraction, an is the diffusion it 22NVt PR Cos(CeT U~ TT))

coefficient given in terms of the Lewis number ~ET;+8,Q;+3,+3:hiVy;, (14)
pDPr where we have assumed that the mass fraction fluctuations
e= w (”) are not directly correlated with the temperature-velocity

variations. This assumption is well founded in the flows of
wherePr is the Prandtl numbey is the viscosity, andleis interest, since, as observed in the DNS results, the effect of
taken to be unity, so that the energy transport due to magfie mass fraction fluctuations on the reaction rate is negli-
diffusion is equal to the energy transport due to thermal congible compared to the effect of the temperature fluctuations.
duction. The energy gives the temperature
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E=758,T+ 50T+ pS Bt pS Coed ot iry, (15 schenjez,1 and a .fourth.-order accurate Runge—Kutta Fimse in-
. tegration. The simulations are performed on grids with128
where® =Tc,—T¢,. And the pressure is given by points. The fluctuating fields are initialized using Ristorcelli
I and Blaisdefl? consistent initial conditions.
pP=pRT+pREDs. (16) The nondimensional parametErs governing the

The results from DNS of isotropic turbulence show that theturbulence—chemistry interaction are the turbulent Reynolds
terms involving the SGS temperature-species correlatiorjumber, the Mach number, the Danfiker number, and the
@, are negligible in comparison to the rest of the terms infelative heat release, namely

the equations of state and total energy. q pu\
Finally, we must consider the chemical source teny, Mt=5, Re = ,
in the continuity equation. The strong temperature depen- #
dence of the source term can be seen by representing the T — Ah° (19
variables as their filtered and subgrid-scale valuBs:T Da=7_—c, Ah T (1R

+T’" andcs=cgs+c.. The source terntd) to first order in

the subgrid-scale quantities is where the chemical time scale,= p/|w log(Keg)|, is differ-

ent from the definition given in Martiand Candlét in that
it includes K. Kgq determines the equilibrium mixture
T compositiort? and 7, represents the time scale of chemical
fluctuations from that compositiow. is the RMS magnitude
(17 of the fluctuation velocitya is the speed of sound;’ is the
e, RMS turbulent velocity fluctuation in one directiory
=(u?)Y2/{(aul9x)?)*?is the Taylor microscalet;=\/u’ is
_ — the turbulent time scale; antih® is the heat of the reaction.
wherew=w(T). We have also made use of the fact that |y hoose initiaRe, =34.5, ( p)=0.5 kg/n?, and (T)
Cy= —Cy, and we have assumed that the variatioiefin - _ 3500k for N, reactions, andT)=2000K for O, reac-
temperature is relatively weak, which is a good approximations. At these initial temperatures, atoms recombine to form
tion at high temperatures. The variationsvof, caused by molecules and energy is released. Therefore, at time equal
temperature fluctuations may be especially large becéise zero the reactions are exothermic. We run simulations with
typically an order of magnitude larger than the temperatureall combinations of initialM,;=0.35 and 0.52, and Nor O,
Thus, to obtain accuraig; we must model the subgrid-scale mass fractions i10.0, 0.1, 0.2,..., 10 The total number of

!
—+c!
— CN2

Win,=Win, T Win, =

0
-+
—T

_ 0 )
WpN, = Wpn, T Wsz( ( %JF 77) ?_ 2cy,

temperature fluctuations for use in E¢4) and(5). simulations performed is forty. The various initial mass frac-
This derivation shows that the following terms must betion conditions lead to distinct evolutions of the nonequilib-
modeled: rium chemistry, and different turbulent flow fields are ob-

tained. During the simulations, the chemical reactions
progress and the turbulent kinetic energy decays. Therefore,
7i;=SGS stress, the values ofAh®, Da, andM; vary during the simulations.

Q;=SGS heat flux, (18

Vsj=SGS diffusion of species,

o SCALING OF TEMPERATURE FLUCTUATIONS
3;=SGS kinetic-energy flux,
We represent the temperature fluctuations as a $DF,

TS=SGS temperature fluctuations. which is calibrated using the results from the DNS. We use
Much work has been done in modeling andQ;,'3-18al-  histograms and skewness and flatness factors of the tempera-

though less effort has been given to modelng, 3;, and ~ fUre fluctuations to obtain the shape of the temperature fluc-
TS9S Gao and O'Brieff briefly discuss the modeling o tuation PDF. The shape determines the number of parameters

in the context of a dynamic SGS model, andvBi#on and required to generate the distribution. For example, two pa-
Vervisch® discuss the modeling oF;. Recently Marin rameters describe a Gaussian distribution, the mean and the
et al? have tested dynamic and mixed models for the vari-Standard deviation. We use the DNS database to find scaling
ous terms appearing in the total energy equation in Com[elationShipS for the PDF parame’[ers in terms of the nondi-
pressible, nonreacting isotropic turbulent flow. The currenfMensional parameters governing the flo,, Da, and
paper includes the development of a model for the temperadh’. During a LES, we would generate the temperature fluc-
ture fluctuations in reacting turbulence. tuation PDF using the values df;, Da, andAh’. Then we
would obtain the temperature fluctuations by sampling from
this PDF.

For convenience, we choose to look for a distribution of

In this section we present the numerical simulations forthe normalized temperature fluctuatiofis,/(T), since the
three-dimensional, compressible, homogeneous, isotropi©@NS predicts zero mean for this distribution. Figure 1 plots
reacting turbulent flow. We use the same numerical methothe skewnesss;., and flatness; ¢/, factors of the tempera-
and isotropic initialization as Martiand Candlet! In par-  ture fluctuations for a typical reacting simulation. After the
ticular, we use a sixth-order accurate finite differenceinitial transient (/7,>0.25), Sy, is nearly zero andr¢/ is

SIMULATIONS OF REACTING TURBULENCE
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FIG. 1. Time evolution of the skewnesSy, , and flatnessk-1/ , factors of
the temperature fluctuation distribution for, Missociation at initialM,
=0.52 and(cy,)=0.3.

M. P. Martin and G. V. Candler

TABLE . List of constants forTjy,d/(T)=A(AhO\/Ig)B.

N, O,
M, A B A B
0.35 0.014 0.250 0.012 0.225
0.52 0.037 0.293 0.028 0.228

acoustic radiation from the chemistry-induced temperature
fluctuations. Therefore\/l ¢ represents the ratio of the char-
acteristic distance traveled by a typical particle of fluid to the
characteristic distance traveled by the acoustic radiation.
Another way to understand this ratio of length scales is
to consider the variation of the strength of the chemistry-
turbulence interaction. There is a feedback process for exo-
thermic reactions! Namely, a positive temperature fluctua-
tion increases the reaction rate, making the reaction occur
more quickly, which releases more heat, further increasing
the temperature. However, the feedback process can be

about 3; these values indicate that the temperature fluctuaveakened by delocalization of the interaction through turbu-
tions may be characterized by a Gaussian distribution. Sinckent motion and motion generated by the local pressure fluc-

the mean is zero, we only require the variaritgyd/(T), to
describe the PDF.

The DNS results indicate that,,g/(T) changes consid-
erably asDa, Ah®, and M, vary during the simulations.
However, for exothermic reactions, when we pig,o/(T)
versus the relative heat release times a length ratig,, the

tuations(also caused by the interactijoTherefore, in a sim-
plified case where the reaction rate is held constant, the
strength of the interaction varies likeu'()?[(1/u’)(1/a)]
=u'/a=M;. In general, the interaction strength also varies
with the reaction rate, or in nondimensional terms, with the
Damkdler number. Thus with this argument, we obtain the

data (for all combinations of initial mass fractions and tur- result shown in Eq(20).

bulent Mach numbejscollapse as shown in Fig. 2. This

Under the conditions chosen for our calculationd ¢ is

length ratio is defined from the following relation between always less than one, and @4 ¢ approaches ondzyg/(T)

the governing parameters:

U’Tt

)\/lE:

Tc

=M,Da, (20)

becomes large, indicating a strong turbulence—chemistry in-
teraction. This occurs when the fluid travels a similar dis-
tance as the acoustic radiation induced by the temperature
fluctuations. If\/Ig were larger than one, the interaction
would be expected to weaken because the turbulent motion
would outrun the acoustic waves produced by the interaction,

whereu’ 7=\ is the distance traveled by a fluid particle and the feedback process would be diminished. Alsa,/bs
moving at the speed of the turbulent intensity. The expansioBpproaches zero, the pressure waves outrun the fluid motion
lengthle is defined asi7., which is the distance traveled by and the interaction is weak. Thus, the interaction weakens

06— r+—— 71—

005 o
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FIG. 2. Standard deviation vs the modulated length ratio?\/I ¢, for N,

dissociation at initiaM=0.35 and 0.52. Filled symbols represent the part

when)\/lg departs from 1. In additionl,,4/(T) is affected
by the heat released to the fldand the length ratio must
be modulated byAh’ to give an appropriate relation for the
standard deviation. We find that the expression

Trud (TY=A(ARM1g)®, 21)

represents the data, whekeandB are constants that depend
on the specific reaction. Table | gives the values that have
been obtained by fitting Eq21) to the DNS results. This
power-law fit is shown in Fig. 2 for the Ndissociation simu-
lation. As mentioned above, whexil¢ is greater than one,
we would not expect this fit to be valid because it predicts a
further strengthening of the interaction.

Moin?* argues that since chemical reactions occur on a
molecular scale, the reaction process must be independent of
the turbulence length scale. In agreement with this argument,
Martin and Candléf find that the turbulence—chemistry in-

of the simulations where the reactions are endothermic. Empty symbolt€raction is independent of the Reynolds number for the

indicate exothermic reactions.

range ofRe, that they consider. Thus, it may be surprising
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FIG. 3. Standard deviation versid? for N, dissociation at initialM,
=0.35 and 0.52. Filled symbols represent the part of the simulations where
the reactions are endothermic. Empty symbols indicate exothermic reac- 0.06 | i | i
tions. J
0.05
that the length ratio gives a relation fogyd/(T). This oc-
0.04

curs because although the reactions are scale independen-—~
their effect on the mean flow depends on the local convective ~
and acoustic scales, and their interaction when the two scales\g 0.03
are of the same order of magnitude. |‘—I r

While Eq. (21) and the physically based argument hold 0.02-
for exothermic reactions, the treatment of endothermic reac- "

tions must be different. This is reflected in Fig. 2, where the 001
filled symbols indicate the endothermic portion of the simu- -
lations. We see that when the reactions become endothermic 05

the temperature fluctuations are no longer governed by
Ah°N/lg. This makes sense physically, because positive
temperature fluctuations do not promote further heating ofic. 4. Standard deviation for Qlissociation(a) vs the modulated length
the gas and the feedback process is no longer selfatio, Ah%\/I; and(b) vs M? at initial M,=0.35 and 0.52. Filled symbols
reinforcing_ll Also, when heat is absorbed by the reactions represent the part of the simulations where the reactions are endothermic.
the gas is cooled, causing an inward-running compressioR™PY Symbols indicate exothermic reactions.

wave. Thus, the acoustic waves no longer delocalize the in-

teraction. In this situation, the strength of the interaction
should depend only on the turbulent kinetic energy)¢; or P'/(P) att/7,=0.5 and 2. We observe tht is positively

. . . ’ N2
in nondimensional te.rms'ljR.MS/<T> M:. . correlated withP’ for most of the domain during the DNS,
In agreement with this argument, Fig. 3 shows that .~ . :
, S . > . . indicating that where there is a compression the temperature
Trud (T) varies linearly withM{ for the nitrogen simula- . . .
. . o increases. In our evaluation of the temperature fluctuation
tions for different initial Mach numbers. Note that the empty . . )
- : . . .2 model in the next section, we take the signTdfto be the
symbols indicate the exothermic portion of the simulations, , == —. i )
and they lie outside the linear fit and do not collapse as ip'9" OfP'=P—(P), whereP is the filtered pressure during
Fig. 2. Thus when the reaction is endothermic, the standar@ LES.
deviation of the PDF offgd/(T) may be represented by

Thwd/ (T)=CM?, (22)

where the constant of proportionalit¢, is found to be 0.8
for nitrogen dissociation, and 1.0 for oxygen dissociation.
Figure 4 shows the variation dfsys/(T) with Ah°\/I¢ and

Mf for the oxygen dissociation simulations; we see that th

temperature fluctuations against the pressure fluctuations,

A PRIORI TEST

Being consistent with the data available during a LES,
we use thea priori test to evaluate the performance of the
PDF model. The filtered fields are obtained using a tophat
GEilter given by

data collapse in the same fashion as in the nitrogen simula- + 1 . i+(”2’2)_1 . 23
i == fi_zt+2 i+ , 23
tions. iTon| -2 (=G +1 iT i+ (n2)

A simple single-variable PDF representationTdfgives o
no distinction between positive or negative temperature flucwheref represents a DNS quantity. Various filter widths
tuations. Thus, given the PDF fdigy,d/(T), we use a con- =nA (whereA is the grid size and=4, 8, and 16are used.
ditional sampling to obtain the temperature fluctuations awith these filters, 12%, 30%, and 60%, respectively, of the
each point of the flow. Figure 5 shows scatter plots of theotal turbulent kinetic energy resides in the subgrid scales.
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0.30 — . 4900
I DNS
Gt ] 300 .
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E - % 200 .
=~ =
'_
-0.10 100 1
-0.20 - n 0 . 1 . ] . 1 . ]
0 0.5 1 15 2
1 | 1 1 t/.':t
03 02 01 0 01 02 03
=1 /< P > FIG. 6. A priori comparison of_ the RMS tem.p_e_rature fluctuation showing
the model performance for N\dissociation at initialM = 0.52 and(ch)o
0.20 =0.3. The triangle symbol illustrates where the global reaction reverses
direction from exothermic to endothermic.
0.10 rect RMS amplitudes, except when the reactions are endo-
thermic, in which case the error is up to 30%.
= Figure 7 illustrates the effect of filter width on the tem-
T 000 perature fluctuation model for this simulation. We observe
f— nearly no dependence of the model on filter width while the
reactions are exothermic. This is expected since the exother-
-0.10 mic reactions are a scale independent process. However,
when the reactions are slow or endothermic, the temperature
fluctuations depend mainly on the turbulent motion through
the turbulent Mach number. Thus, the prediction of

02 Trud(T) given by Eq.(22) deteriorates with increasing fil-

ter width as shown in Fig. 7. There are two possible sources
FIG. 5. Scatter plot of the normalized temperature fluctuati®hgT), and _Of _error' First, we h_ave a_ssumed that the constant i
the normalized pressure fluctuatiom®,/(P), for N, dissociation at initial 1S independent of filter width. Second, we have neglected the
M,=0.52, and(cy,)o=0.3, after(a) t/7,=0.5; and(b) t/7,=2. contribution of the SGS turbulent kinetic energyNy. The
second source of error would generate smaller values of
Trus as the filter width increases. However, we observe the
When the turbulence—chemistry interaction is strong thebpposite effect in Fig. 7. Thus, the constant in EB2)
temperature fluctuations are well predicted by E2{) and  should depend on filter width.
underpredicted by Eq22). The opposite occurs when the Finally, Fig. 8 plots the temporal evolution of the aver-
interaction is weak. Thus, we compufé,¢/(T) using the age chemical source term evaluated using the DNS tempera-
largest value given by Ed21) or Eq.(22). We evaluate the ture and the temperature given by the sum of the average
accuracy of the model by comparing the RMS value of the
modeled and DNS fluctuations.

Figure 6 plots the time evolution ofgyg for nitrogen
dissociation with initialM;=0.52 and N mass fraction of
0.3. First consider the DNS result. The initial reaction is 300 L s 8 i
exothermic andT,ys reaches roughly 320 K in less than ‘

P'/(P)

400 — —

DNS

0.28/7,. The solid triangle indicates where the reaction < I |
changes direction and becomes endothermic. Thus, the reac- V(g 200 |- £ 8
tion is exothermic up to nearly/ 7,=1.3, however,Tiys e I o

decreases rapidly after 7,=0.25. This result can be ex- 5% o

plained as follows. Although the initial chemical and turbu- 100 a3 g

lent time scales are comparablBd=0.5), the Damkbler L |
number decreases rapidly in time. For example, riéar ‘ ‘ ‘ ‘
=0.5 the chemical time scale is over ten times larger than 0 0.5 1 15 2
the turbulent time scale. From Eq20) and(21), we see that
reducnga r?duces the temperqture fluctuations. Thus, thje:IG. 7. A priori comparison of the RMS temperature fluctuation showing
slower chemistry cannot maintain the temperature fluctuame model performance for various grid filter widths fos dissociation at
tions. The temperature fluctuation model predicts nearly corinitial M,=0.52 and(cy,)o=0.3.
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