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A direct numerical simulation 共DNS兲 database is used to develop a model of subgrid-scale
temperature fluctuations for use in large-eddy simulations of turbulent, reacting hypersonic flows.
The proposed model uses a probability density representation of the temperature fluctuations.
The DNS database reveals a physically consistent relation between the resolved-scale flow
conditions that may be used to predict the standard deviation of the Gaussian probability density
function 共PDF兲. The model is calibrated and tested by comparison to simulations of decaying
isotropic turbulence. The conditional single-variable PDF model is found to capture the fluctuations in temperature and product formation. © 1999 American Institute of Physics.
关S1070-6631共99兲01909-1兴
INTRODUCTION

In this paper, we use the DNS database of isotropic reacting turbulence to develop and evaluate a model for the
temperature fluctuations. As reactions, we use either dissociating nitrogen molecules or dissociating oxygen molecules.
These are the primary reactions that occur in hypersonic
boundary layers. Our approach builds on the reaction rate
modeling for combustion applications. In particular, Gaffney
et al.7 assume a probability density function 共PDF兲 for the
temperature fluctuations and investigate how the fluctuations
affect the combustion process. The proposed model has a
similar form, however we use the results of DNS to calibrate
the model. Therefore, the parameters that describe the PDF
are based on resolved-scale turbulence data. This model represents the unresolved 共subgrid-scale兲 fluctuations for use in
large-eddy simulations of turbulence, where the small scales
are assumed to be isotropic.
In the remainder of the paper, we review the governing
equations, we Favre average these equations and show that
the unresolved temperature fluctuations must be modeled for
large-eddy simulations. We then discuss the data analysis for
the prediction of the temperature fluctuations, and evaluate
the model by comparison with the DNS results.

The boundary layer on proposed air-breathing hypersonic cruise vehicles will be turbulent and chemically reacting. To aid the design of such vehicles, a greater understanding of turbulent hypersonic flows is needed. Direct numerical
simulations 共DNS兲 of hypersonic flows at realistic Reynolds
numbers are very costly. For this reason large-eddy simulations 共LES兲 of these flows are more attractive. Therefore,
subgrid-scale 共SGS兲 models need to be devised to represent
the turbulence-chemistry interaction in LES of hypersonic
flows.
Much work has been done on the modeling of turbulent
reacting flows.1–10 However, most of this work has been focused on combustion related applications, where fluctuations
in the chemical source term are mainly caused by fluctuations in the species concentrations. In hypersonic flows, the
equilibrium composition of reacting air depends strongly on
the temperature. Furthermore, the reactions are temperature
limited and the reaction rate depends exponentially on temperature. With the very high energies present in hypersonic
flows, the temperature fluctuations will be large, and result in
variations in the reaction rates. Therefore, in hypersonic
flows the temperature fluctuations must be modeled to obtain
accurate rates of reaction and product formation.
In LES, it is generally assumed that the small scales are
more isotropic and more universal in character for different
flows than the large scales. Therefore, it is customary to develop and test SGS models in isotropic turbulence, for later
use and refinement in the more complex flows. In our previous work,11 we studied the interaction between decaying isotropic turbulence and finite-rate chemical reactions at conditions typical of a hypersonic boundary layer. The results
confirmed that the interaction is characterized by the increased or decreased magnitude of the temperature fluctuations for exothermic or endothermic reactions, respectively.

GOVERNING EQUATIONS

The equations describing the unsteady motion of a reacting flow with no contribution of vibrational modes are given
by the species mass, mass-averaged momentum, and total
energy conservation equations
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where  s is the density of species s;w s represents the rate of
production of species s due to chemical reactions;  s is the
density of species s;u j is the mass-averaged velocity in the j
direction;  s j is the diffusion velocity of species s;  is the
sum over species s density; p is the pressure;  i j is the shear
stress tensor given by a linear stress–strain relationship; q j is
the heat flux due to temperature gradients; h s is the specific
enthalpy of species s; and E is the total energy per unit volume given by
E⫽

兺s  s c  s T⫹

1
2

 u iu i⫹

兺s  s h sⴰ ,

共2兲

where c  s is the specific heat at constant volume of species s;
and h sⴰ represents the heat of formation of species s.
We consider a simple reaction system: Dissociation of
diatomic molecules. This is the primary reaction that occurs
in hypersonic boundary layers, and it serves as a good example for the form of the chemical source term. The nitrogen
dissociation reaction may be written symbolically as
N2⫹M

共3兲

2N⫹M ,

where M represents a collision partner, which is either N2 or
N in this case. The source term for N2 can be written using
the law of mass action
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where c s ⫽  s /  is the mass fraction, and D is the diffusion
coefficient given in terms of the Lewis number
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where c̃ s ⫽¯ s /¯ is the Favre-averaged mass fraction, and the
SGS diffusion velocity of species has been introduced
c s u j s ũ j 兲 .
V s j ⫽¯ 共 g⫺c̃

共9兲

共7兲

where Pr is the Prandtl number,  is the viscosity, and Le is
taken to be unity, so that the energy transport due to mass
diffusion is equal to the energy transport due to thermal conduction.
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and ˜ i j has been simplified according to
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thus, the viscosity is assumed to be a weak function of the
mixture mole fractions, and its fluctuations are neglected. In
the energy equation, we have introduced the average specific
heats, c̃  , the SGS heat flux
Q j ⫽¯ 共 g
u j T ⫺ũ j T̃ 兲 ,

where C, , and  are experimentally determined constants,12
and K eq is the known temperature-dependent equilibrium
constant.12
For a two-species mixture, the diffusion velocity can be
accurately represented using Fick’s law
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u iu j
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To discuss how the conservation equations must be modeled, we need to separate the resolvable fluctuations from
those that the grid cannot resolve. In compressible flows, it is
suitable to use Favre-filtering to avoid the introduction of
subgrid-scale terms in the equation of conservation of mass.
A Favre-filtered variable is defined as f̃ ⫽(  f )/¯ , where the
over-bar denotes a filtering operation that maintains only the
large scales. Accordingly, the Favre-filtered forms of the species mass, momentum, and total energy equations are

In the momentum equation,  i j is the SGS stress

and w N2⫽⫺w N . k f and k b are the forward and backward
reaction rates, respectively; these are written as

kf
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,
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FAVRE-FILTERING OF CONSERVATION EQUATIONS
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and the SGS kinetic-energy flux
¯
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These terms are derived by considering the Favre average of
the energy-velocity product
1
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where we have assumed that the mass fraction fluctuations
are not directly correlated with the temperature-velocity
variations. This assumption is well founded in the flows of
interest, since, as observed in the DNS results, the effect of
the mass fraction fluctuations on the reaction rate is negligible compared to the effect of the temperature fluctuations.
The energy gives the temperature
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The results from DNS of isotropic turbulence show that the
terms involving the SGS temperature-species correlation,
⌽ s , are negligible in comparison to the rest of the terms in
the equations of state and total energy.
Finally, we must consider the chemical source term, w̄ s ,
in the continuity equation. The strong temperature dependence of the source term can be seen by representing the
variables as their filtered and subgrid-scale values: T⫽T̄
⫹T ⬘ and c s ⫽c̄ s ⫹c s⬘ . The source term 共4兲 to first order in
the subgrid-scale quantities is
w f N2⫽w̄ f N2⫹w̄ f N2
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where w̄⫽w(T̄). We have also made use of the fact that
⬘ ⫽⫺c N⬘ 2, and we have assumed that the variation of K eq in
cN
temperature is relatively weak, which is a good approximation at high temperatures. The variations of w N2 caused by
temperature fluctuations may be especially large because  is
typically an order of magnitude larger than the temperature.
Thus, to obtain accurate w̄ s we must model the subgrid-scale
temperature fluctuations for use in Eqs. 共4兲 and 共5兲.
This derivation shows that the following terms must be
modeled:
V s j ⫽SGS diffusion of species s,

 i j ⫽SGS stress,
Q j ⫽SGS heat flux,

共18兲

⌺ j ⫽SGS kinetic-energy flux,
T ⫽SGS temperature fluctuations.
sgs

Much work has been done in modeling  i j and Q j , 13–18 although less effort has been given to modeling V s j , ⌺ j , and
T sgs. Gao and O’Brien18 briefly discuss the modeling of V s j
in the context of a dynamic SGS model, and Réveillon and
Vervisch19 discuss the modeling of ⌺ j . Recently Martı́n
et al.20 have tested dynamic and mixed models for the various terms appearing in the total energy equation in compressible, nonreacting isotropic turbulent flow. The current
paper includes the development of a model for the temperature fluctuations in reacting turbulence.
SIMULATIONS OF REACTING TURBULENCE

In this section we present the numerical simulations for
three-dimensional, compressible, homogeneous, isotropic,
reacting turbulent flow. We use the same numerical method
and isotropic initialization as Martı́n and Candler.11 In particular, we use a sixth-order accurate finite difference

2767

scheme,21 and a fourth-order accurate Runge–Kutta time integration. The simulations are performed on grids with 1283
points. The fluctuating fields are initialized using Ristorcelli
and Blaisdell22 consistent initial conditions.
The nondimensional parameters11 governing the
turbulence–chemistry interaction are the turbulent Reynolds
number, the Mach number, the Damköhler number, and the
relative heat release, namely
q
M t⫽ ,
a

t
Da⫽ ,
c

Re  ⫽

 u ⬘
,


⌬h ⴰ
⌬h ⫽⫺
,
c  T⫹ 共 1/2兲 q 2
ⴰ

共19兲

where the chemical time scale,  c ⫽  / 兩 w log(Keq) 兩 , is different from the definition given in Martı́n and Candler11 in that
it includes K eq . K eq determines the equilibrium mixture
composition12 and  c represents the time scale of chemical
fluctuations from that composition. q is the RMS magnitude
of the fluctuation velocity; a is the speed of sound; u ⬘ is the
RMS turbulent velocity fluctuation in one direction; 
⫽ 具 u 2 典 1/2/ 具 (  u/  x) 2 典 1/2 is the Taylor microscale;  t ⫽/u ⬘ is
the turbulent time scale; and ⌬h ⴰ is the heat of the reaction.
We choose initial Re  ⫽34.5, 具  典 ⫽0.5 kg/m3, and 具 T 典
⫽3000 K for N2 reactions, and 具 T 典 ⫽2000 K for O2 reactions. At these initial temperatures, atoms recombine to form
molecules and energy is released. Therefore, at time equal
zero the reactions are exothermic. We run simulations with
all combinations of initial M t ⫽0.35 and 0.52, and N2 or O2
mass fractions in 关0.0, 0.1, 0.2,..., 1.0兴. The total number of
simulations performed is forty. The various initial mass fraction conditions lead to distinct evolutions of the nonequilibrium chemistry, and different turbulent flow fields are obtained. During the simulations, the chemical reactions
progress and the turbulent kinetic energy decays. Therefore,
the values of ⌬h ⴰ , Da, and M t vary during the simulations.
SCALING OF TEMPERATURE FLUCTUATIONS

We represent the temperature fluctuations as a PDF,23
which is calibrated using the results from the DNS. We use
histograms and skewness and flatness factors of the temperature fluctuations to obtain the shape of the temperature fluctuation PDF. The shape determines the number of parameters
required to generate the distribution. For example, two parameters describe a Gaussian distribution, the mean and the
standard deviation. We use the DNS database to find scaling
relationships for the PDF parameters in terms of the nondimensional parameters governing the flow, M t , Da , and
⌬h ⴰ . During a LES, we would generate the temperature fluctuation PDF using the values of M t , Da , and ⌬h ⴰ . Then we
would obtain the temperature fluctuations by sampling from
this PDF.
For convenience, we choose to look for a distribution of
the normalized temperature fluctuations, T ⬘ / 具 T 典 , since the
DNS predicts zero mean for this distribution. Figure 1 plots
the skewness, S T ⬘ , and flatness, F T ⬘ , factors of the temperature fluctuations for a typical reacting simulation. After the
initial transient (t/  t ⬎0.25), S T ⬘ is nearly zero and F T ⬘ is
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⬘ / 具 T 典 ⫽A(⌬h 0 /l E ) B .
TABLE I. List of constants for T RMS
N2

FIG. 1. Time evolution of the skewness, S T ⬘ , and flatness, F T ⬘ , factors of
the temperature fluctuation distribution for N2 dissociation at initial M t
⫽0.52 and 具 c N2 典 0 ⫽0.3.

about 3; these values indicate that the temperature fluctuations may be characterized by a Gaussian distribution. Since
⬘ / 具 T 典 , to
the mean is zero, we only require the variance, T RMS
describe the PDF.
⬘ / 具 T 典 changes considThe DNS results indicate that T RMS
erably as Da, ⌬h ⴰ , and M t vary during the simulations.
⬘ /具T典
However, for exothermic reactions, when we plot T RMS
versus the relative heat release times a length ratio, /l E , the
data 共for all combinations of initial mass fractions and turbulent Mach numbers兲 collapse as shown in Fig. 2. This
length ratio is defined from the following relation between
the governing parameters:
/l E ⫽

u ⬘ t
ac

⫽M t Da,

共20兲

where u ⬘  t ⫽ is the distance traveled by a fluid particle
moving at the speed of the turbulent intensity. The expansion
length l E is defined as a  c , which is the distance traveled by

O2

Mt

A

B

A

B

0.35
0.52

0.014
0.037

0.250
0.293

0.012
0.028

0.225
0.228

acoustic radiation from the chemistry-induced temperature
fluctuations. Therefore, /l E represents the ratio of the characteristic distance traveled by a typical particle of fluid to the
characteristic distance traveled by the acoustic radiation.
Another way to understand this ratio of length scales is
to consider the variation of the strength of the chemistryturbulence interaction. There is a feedback process for exothermic reactions.11 Namely, a positive temperature fluctuation increases the reaction rate, making the reaction occur
more quickly, which releases more heat, further increasing
the temperature. However, the feedback process can be
weakened by delocalization of the interaction through turbulent motion and motion generated by the local pressure fluctuations 共also caused by the interaction兲. Therefore, in a simplified case where the reaction rate is held constant, the
strength of the interaction varies like (u ⬘ ) 2 关 (1/u ⬘ )(1/a) 兴
⫽u ⬘ /a⫽M t . In general, the interaction strength also varies
with the reaction rate, or in nondimensional terms, with the
Damköhler number. Thus with this argument, we obtain the
result shown in Eq. 共20兲.
Under the conditions chosen for our calculations, /l E is
⬘ /具T典
always less than one, and as /l E approaches one, T RMS
becomes large, indicating a strong turbulence–chemistry interaction. This occurs when the fluid travels a similar distance as the acoustic radiation induced by the temperature
fluctuations. If /l E were larger than one, the interaction
would be expected to weaken because the turbulent motion
would outrun the acoustic waves produced by the interaction,
and the feedback process would be diminished. Also, as /l E
approaches zero, the pressure waves outrun the fluid motion
and the interaction is weak. Thus, the interaction weakens
⬘ / 具 T 典 is affected
when /l E departs from 1. In addition, T RMS
by the heat released to the flow,11 and the length ratio must
be modulated by ⌬h ⴰ to give an appropriate relation for the
standard deviation. We find that the expression

⬘ / 具 T 典 ⫽A 共 ⌬h ⴰ /l E 兲 B ,
T RMS

FIG. 2. Standard deviation vs the modulated length ratio, ⌬h 0 /l E , for N2
dissociation at initial M t ⫽0.35 and 0.52. Filled symbols represent the part
of the simulations where the reactions are endothermic. Empty symbols
indicate exothermic reactions.

共21兲

represents the data, where A and B are constants that depend
on the specific reaction. Table I gives the values that have
been obtained by fitting Eq. 共21兲 to the DNS results. This
power-law fit is shown in Fig. 2 for the N2 dissociation simulation. As mentioned above, when /l E is greater than one,
we would not expect this fit to be valid because it predicts a
further strengthening of the interaction.
Moin24 argues that since chemical reactions occur on a
molecular scale, the reaction process must be independent of
the turbulence length scale. In agreement with this argument,
Martı́n and Candler11 find that the turbulence–chemistry interaction is independent of the Reynolds number for the
range of Re  that they consider. Thus, it may be surprising
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FIG. 3. Standard deviation versus M 2t for N2 dissociation at initial M t
⫽0.35 and 0.52. Filled symbols represent the part of the simulations where
the reactions are endothermic. Empty symbols indicate exothermic reactions.

⬘ / 具 T 典 . This octhat the length ratio gives a relation for T RMS
curs because although the reactions are scale independent,
their effect on the mean flow depends on the local convective
and acoustic scales, and their interaction when the two scales
are of the same order of magnitude.
While Eq. 共21兲 and the physically based argument hold
for exothermic reactions, the treatment of endothermic reactions must be different. This is reflected in Fig. 2, where the
filled symbols indicate the endothermic portion of the simulations. We see that when the reactions become endothermic,
the temperature fluctuations are no longer governed by
⌬h ⴰ /l E . This makes sense physically, because positive
temperature fluctuations do not promote further heating of
the gas and the feedback process is no longer selfreinforcing.11 Also, when heat is absorbed by the reactions,
the gas is cooled, causing an inward-running compression
wave. Thus, the acoustic waves no longer delocalize the interaction. In this situation, the strength of the interaction
should depend only on the turbulent kinetic energy, (u ⬘ ) 2 ; or
⬘ / 具 T 典 ⬃M 2t .
in nondimensional terms, T RMS
In agreement with this argument, Fig. 3 shows that
⬘ / 具 T 典 varies linearly with M 2t for the nitrogen simulaT RMS
tions for different initial Mach numbers. Note that the empty
symbols indicate the exothermic portion of the simulations,
and they lie outside the linear fit and do not collapse as in
Fig. 2. Thus when the reaction is endothermic, the standard
⬘ / 具 T 典 may be represented by
deviation of the PDF of T RMS
⬘ / 具 T 典 ⫽CM 2t ,
T RMS

共22兲

where the constant of proportionality, C, is found to be 0.8
for nitrogen dissociation, and 1.0 for oxygen dissociation.
⬘ / 具 T 典 with ⌬h ⴰ /l E and
Figure 4 shows the variation of T RMS
2
M t for the oxygen dissociation simulations; we see that the
data collapse in the same fashion as in the nitrogen simulations.
A simple single-variable PDF representation of T ⬘ gives
no distinction between positive or negative temperature fluc⬘ / 具 T 典 , we use a contuations. Thus, given the PDF for T RMS
ditional sampling to obtain the temperature fluctuations at
each point of the flow. Figure 5 shows scatter plots of the

FIG. 4. Standard deviation for O2 dissociation 共a兲 vs the modulated length
ratio, ⌬h 0 /l E ; and 共b兲 vs M 2t at initial M t ⫽0.35 and 0.52. Filled symbols
represent the part of the simulations where the reactions are endothermic.
Empty symbols indicate exothermic reactions.

temperature fluctuations against the pressure fluctuations,
P ⬘ / 具 P 典 at t/  t ⫽0.5 and 2. We observe that T ⬘ is positively
correlated with P ⬘ for most of the domain during the DNS,
indicating that where there is a compression the temperature
increases. In our evaluation of the temperature fluctuation
model in the next section, we take the sign of T ⬘ to be the
sign of P ⬘ ⫽ P̄⫺ 具 P̄ 典 , where P̄ is the filtered pressure during
a LES.
A PRIORI TEST

Being consistent with the data available during a LES,
we use the a priori test to evaluate the performance of the
PDF model. The filtered fields are obtained using a tophat
filter given by
f̄ i ⫽

冉

i⫹ 共 n/2兲 ⫺1

冊

1
f
⫹2
f j ⫹ f i⫹ 共 n/2兲 ,
2n i⫺ 共 n/2兲
j⫽i⫺ 共 n/2兲 ⫹1

兺

共23兲

¯
where f represents a DNS quantity. Various filter widths ⌬
⫽n⌬ 共where ⌬ is the grid size and n⫽4, 8, and 16兲 are used.
With these filters, 12%, 30%, and 60%, respectively, of the
total turbulent kinetic energy resides in the subgrid scales.
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FIG. 6. A priori comparison of the RMS temperature fluctuation showing
the model performance for N2 dissociation at initial M t ⫽0.52 and 具 c N2 典 0
⫽0.3. The triangle symbol illustrates where the global reaction reverses
direction from exothermic to endothermic.

FIG. 5. Scatter plot of the normalized temperature fluctuations, T ⬘ / 具 T 典 , and
the normalized pressure fluctuations, P ⬘ / 具 P 典 , for N2 dissociation at initial
M t ⫽0.52, and 具 c N2 典 0 ⫽0.3, after 共a兲 t/  t ⫽0.5; and 共b兲 t/  t ⫽2.

When the turbulence–chemistry interaction is strong the
temperature fluctuations are well predicted by Eq. 共21兲 and
underpredicted by Eq. 共22兲. The opposite occurs when the
⬘ / 具 T̃ 典 using the
interaction is weak. Thus, we compute T RMS
largest value given by Eq. 共21兲 or Eq. 共22兲. We evaluate the
accuracy of the model by comparing the RMS value of the
modeled and DNS fluctuations.
⬘ for nitrogen
Figure 6 plots the time evolution of T RMS
dissociation with initial M t ⫽0.52 and N2 mass fraction of
0.3. First consider the DNS result. The initial reaction is
⬘ reaches roughly 320 K in less than
exothermic and T RMS
0.25t/  t . The solid triangle indicates where the reaction
changes direction and becomes endothermic. Thus, the reac⬘
tion is exothermic up to nearly t/  t ⫽1.3, however, T RMS
decreases rapidly after t/  t ⫽0.25. This result can be explained as follows. Although the initial chemical and turbulent time scales are comparable (Da⫽0.5), the Damköhler
number decreases rapidly in time. For example, near t/  t
⫽0.5 the chemical time scale is over ten times larger than
the turbulent time scale. From Eqs. 共20兲 and 共21兲, we see that
reducing Da reduces the temperature fluctuations. Thus, the
slower chemistry cannot maintain the temperature fluctuations. The temperature fluctuation model predicts nearly cor-

rect RMS amplitudes, except when the reactions are endothermic, in which case the error is up to 30%.
Figure 7 illustrates the effect of filter width on the temperature fluctuation model for this simulation. We observe
nearly no dependence of the model on filter width while the
reactions are exothermic. This is expected since the exothermic reactions are a scale independent process. However,
when the reactions are slow or endothermic, the temperature
fluctuations depend mainly on the turbulent motion through
the turbulent Mach number. Thus, the prediction of
⬘ / 具 T 典 given by Eq. 共22兲 deteriorates with increasing filT RMS
ter width as shown in Fig. 7. There are two possible sources
of error. First, we have assumed that the constant in Eq. 共22兲
is independent of filter width. Second, we have neglected the
contribution of the SGS turbulent kinetic energy to M t . The
second source of error would generate smaller values of
⬘ as the filter width increases. However, we observe the
T RMS
opposite effect in Fig. 7. Thus, the constant in Eq. 共22兲
should depend on filter width.
Finally, Fig. 8 plots the temporal evolution of the average chemical source term evaluated using the DNS temperature and the temperature given by the sum of the average

FIG. 7. A priori comparison of the RMS temperature fluctuation showing
the model performance for various grid filter widths for N2 dissociation at
initial M t ⫽0.52 and 具 c N2 典 0 ⫽0.3.
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1

FIG. 8. A priori comparison of the nondimensional ensemble average
source term showing the performance of the temperature fluctuation model
for N2 dissociation at initial M t ⫽0.52 and 具 c N2 典 0 ⫽0.3.

temperature and modeled temperature fluctuation. We observe that the slight overprediction of the RMS temperature
fluctuation from Fig. 7 results in a slight overprediction of
w N2 at later times in the simulation, but the overall agreement is good.
Similar results and model performance are obtained in
simulations performed with different initial conditions.
CONCLUSIONS

A probability density-function approach is used to develop a subgrid-scale temperature fluctuation model for the
closure of the chemical source term in large-eddy simulations of hypersonic flows. We use a DNS database to calibrate the distribution of T ⬘ / 具 T 典 . We find that the distribution
is a Gaussian with zero mean and can be described by the
⬘ / 具 T 典 . Exothermic reactions enhance
standard deviation, T RMS
the magnitude of the temperature fluctuations, and the standard deviation can be expressed as A(⌬h ⴰ /l E ) B . Where
/l E is obtained from the nondimensional governing parameters and represents the ratio of the characteristic distance
traveled by a fluid particle to the characteristic distance of
acoustic radiation. For endothermic reactions, the temperature fluctuations scale linearly with M 2t . We find that T ⬘ is
positively correlated with P ⬘ for most of the flow domain.
We use this condition to obtain the sign of the modeled
temperature fluctuations. We evaluate the model by comparison to DNS and find good agreement. A strong turbulence–
chemistry interaction is scale-independent,11 and the model
results do not depend on the filter width. However, when the
interaction is weak, filtering errors result in an inaccurate
prediction of the turbulent Mach number and therefore of the
temperature fluctuations.
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