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ABSTRACT

An a priori study of subgrid-scale models for the unclosed
termsin theenergy equationiscarried out using theflow field ob-
tained from the direct simulation of homogeneous isotropic tur-
bulence. Scale-similar models involve multiple filtering opera-
tionstoidentify the smallest resolved scal es and have been shown
to be the most active in the interaction with the unresolved sub-
grid scales (SGS). In the present study these models are found to
givemore accurate prediction of the SGS stresses and hest fluxes
than eddy-viscosity and eddy-diffusivity models, as well as im-
proveprediction of the SGSturbulent diffusion, SGS viscousdis-
sipation, and SGS viscous diffusion.

1 Introduction

Large-eddy simulation (LES) isatechniqueintermediate be-
tween thedirect simulation (DNS) of turbulent flowsand the solu-
tion of the Reynolds-averaged equations. In LES the contribution
of the large, energy-carrying structuresto momentum and energy
transfer iscomputed accurately, and only the effect of the smallest
scales of turbulenceismodeled. Since the small scales tend to be
more homogeneousand universal, and less affected by the bound-
ary conditions than the large ones, there is hope that their mod-
els can be smpler and require fewer adjustments when applied
to different flows than similar models for the Reynolds-averaged
Navier-Stokes equations.

While a substantial amount of research has been carried out
into the modeling aspects and requirements for incompressible
flows, the applications of large-eddy simulation to compress-
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ible flows have been significantly fewer. One of the reasons
for the comparatively small number of calculations of compress-
ible flows is undoubtedly the additional complexity introduced
by the need to solve an energy eguation, which introduces ex-
traunclosed terms. In addition to the subgrid scale stresses that
must be modeled in incompressible flows as well, several other
unclosed terms appear in the filtered equations for compressible
flows. Furthermore, the form of the unclosed terms depends on
the form of the energy equation chosen (internal or total energy,
total energy of the resolved field or enthal py).

Early applicationsof LES to compressibleflowsused atrans-
port equation for the internal energy per unit mass, € (Moin et
al. 1991, El-Hady et al. 1994) or for the enthal py per unit mass, h
(Speziale et al. 1988, Erlebacher et al. 1992). In these equations,
the SGS heat flux was modeled in a manner similar to that used
for the SGS stresses, and the remaining terms (the SGS pressure-
dilatation I'ly; , and the SGS contribution to the viscous dissipa-
tion, &y) were neglected.

Vreman et al. (1995b) performed a priori tests using DNS
dataobtained from thecal culation of amixinglayer at Mach num-
bersintherange 0.2-0.6 to establish the validity of these assump-
tions. They found that the SGS pressure-dilatation and SGS vis-
cous dissipation are of the same order as the divergence of the
SGS heat flux Qj, and that modeling e, improves the results, es-
pecially at moderate or high Mach numbers.

Vreman et al. (1995a,1995b) proposed the use of atransport
equation for thetotal energy of thefiltered field, rather than either
the enthalpy or the internal energy equations; the same unclosed
terms that appear in this equation are aso present in the internal
energy and enthalpy equations. This equation was also used by
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Normand and Lesieur (1992), who neglected both Iy and y.

Very few calculations have been carried out using the trans-
port equation for the total energy, despite the desirable feature
that it is a conserved quantity, and that all the SGS terms in this
equation can be cast in conservative form. This equation has
a completely different set of unclosed terms, whose modeling
is not very advanced yet. Knight et al. (1998) performed the
LES of isotropic homogeneous turbulence on unstructured grids
and compared the results obtained with the Smagorinsky (1963)
model with those obtained when the energy dissipation was pro-
vided only by the dissipationinherent in the numerical agorithm.
They modeled the SGS heat flux and an SGS turbulent diffusion
term, and neglected the SGS viscous diffusion.

In this paper, the flow field from a DNS of homogeneous
isotropic turbulence is used to compute the terms in the energy
equations, and evaluate possible models for their parameteriza-
tion. The work will be focused mainly in the total energy equa-
tion, both because of the lack of previousstudies of the terms that
appear init, and because of the desirability of solving atransport
equation for aconserved quantity.

In the following section, the governing equations are pre-
sented, the terms that require closure are defined, and the DNS
database used for the a priori testsis described. |n Sections 3 and
4 several modelsfor the unclosed terms are presented and tested.
Finally, some conclusions are drawn in Section 5.

2 Problem formulation
2.1 Governing equations

To separate the large from the small scales, LES is based
on the definition of a filtering operation: a filtered (or resolved,
or large-scale) variable, denoted by an overbar, is defined as
(Leonard 1974)

f(x):/Df(x’)G(x,x’;K)dx’, 1)

where D isthe entire domain and G isthefilter function, and A is
thefilter width, i.e., the wavelength of the smallest scale retained
by the filtering operation. The filter function determines the size
and structure of the small scales.

In compressible flows, it is convenient to use Favre-filtering
(Favre 1965a, 1965b) to avoid the introduction of subgrid-scale
terms in the equation of conservation of mass. A Favre-filtered
variableis defined as:

f=pi/p. )

To obtain the equations governing the motion of the resolved ed-
dies, the Favre-filtering operation must be applied to the equa-
tions of conservation of mass, momentum and energy. In com-
pressibleflows, inadditionto the mass and momentum equations,

one can choose between solving an equation for the internal en-
ergy, enthalpy or total energy. The filtered equations of motion,
then, can be put in the form:
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Here, u; isthe velocity in the j direction, p is the density, p the
pressureand T thetemperature, € = 6, T istheinternal energy per
unit mass, h = € + p/p is the enthalpy per unit mass, E = ¢ +
Ui /2 is the total energy per unit mass, and the diffusive fluxes
are given by

" ex 2. . ~oT
Gij = 2u§; — §M5ij3<k, aj = _ka_x,-’ (8)

where [l is the molecular viscosity, and k is the thermal conduc-
tivity corresponding to the filtered temperature T. The effect of
the subgrid scales appears through the SGS stresses 7;j, the SGS
heat flux Q;, the SGS pressure-dilatation Iy, the SGS contri-
bution to the viscous dissipation, €, the SGS turbulent diffusion
0J;j/0x;, and the SGS contributionto viscous diffusion, dD j /0x;;
these quantities are defined as:

Tij = p (Gl — Gidj) ©)
Qj=p (Gﬁ—ﬁﬁ) (10)
Mgy = @—ﬁiﬁ (11)
&v = 0}iSj — GjiS;j (12)
3, = B (00— 06 3
Dj :m-%iiﬁj. 14
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Figure 1. Energy spectra at t/Ti =1, 3 and 4. The squares correspond
to the filter-widths used in the a priori tests.

The equation of state has been used to express pressure-gradient
and pressure-diffusion correlationsin terms of Q; and Ig; . Itis
also assumed here that

MUSEIOET (15)

and an equivalent equality involving the thermal conductivity ap-
plies. Vreman et al. (1995b) performed a priori tests using DNS
dataobtained fromthe cal culation of amixing layer at Mach num-
bersin the range 0.2-0.6, and concluded that neglecting the non-
linearities of the diffusion terms in the momentum and energy
equationsis acceptable.

2.2 A priori tests

One method to evaluate the performance of modelsfor LES
or RANS calculations is the a priori test, in which the velocity
fields obtained from a direct simulation are filtered to yield the
exact SGS terms, and the filtered quantities are used in a model-
ing ansatz to evauate the accuracy of the parameterization. The
database used in this study was obtained from the calculation of
homogeneous isotropic turbulence decay.

The Navier-Stokes equations were integrated in time using
a fourth-order order Runge-Kutta method. The spatial deriva-
tiveswere computed using an eighth-order accurate central finite-
difference scheme. The simulations were performed on grids
with 256° points, so that alarge range of scalesisfound inthe en-
ergy spectrum. The computational domain isaperiodic box with
length 2rt in each dimension. The fluctuating fields were initial-
ized as in Martin and Candler (1996) and the DNS results were
validated by comparison with the Martin and Candler (1996) sim-
ulations.

The calculation was performed at a Reynolds number Re, =
u'A/v = 35, where A isthe Taylor micro-scale and U isthe turbu-

lenceintensity, and at aturbulent Mach number M; = q/a=0.52,
where ? = uu; and aisthe speed of sound. Sincethe dilatational
fieldisinitialy zero, theflow isallowed to evolvefor one dimen-
sionlesstime unit, Tt = A/U'.

The subgrid scale quantities were then evaluated. The DNS
fields were filtered using a top-hat filter

— 1 i+0-1

with varying filter widths A = nA, where A is the grid size and
n=2,4,6,8and10. Figure 1 showsthe energy spectrum includ-
ing the location of thefilter cutoffs. All thefilter-widthstestedlie
inthe decaying region of the spectrum. Most of theresultswill be
shown for afilter-width A = 8A, at the edge of the inertial range
of the spectrum. With thisfilter width approximately 11% of the
energy resides in the subgrid-scales, a value representative of ac-
tual LES. Two quantities are used to evaluate the accuracy of a
model: the correlation coefficient of the modeled term with the
exact one, defined as

_ (f model f DNS)
) = s Froca ) TS( T ong) an

and the L,—norm of the modeled and exact terms.

3 Models for the momentum equation

The modeling of the SGS stresses has received compara-
tively more attentionthan any of the other unclosed termsin com-
pressible flows. Yoshizawa (1986) proposed an eddy-viscosity
model for weakly compressible turbulent flows using a multi-
scale direct-interaction approximation method. The anisotropic
part of the SGS stresses is parameterized using the Smagorinsky
(1963) model, while the SGS energy Ty is modeled separately:

S o o~ (~ &~
Tij— %Tkk = —CEZAZP B (Slj - %Skk) =Cioij (18)

o~
T = C2pA"|S? =G (19)

withCs = 0.16 and C, = 0.09.

Speziadeet al. (1988) proposed the addition of ascale-similar
part to the eddy-viscosity model of Yoshizawa. Scale-similar
models are based on the assumption that the most active subgrid
scales are those closer to the cutoff wavenumber, and that the
scaleswithwhich they interact most are thoseright above the cut-
off (Bardinaet al., 1980). The mixed model proposed by Speziae
et al. (1988), and used by Erlebacher et al. (1992) and Zang et

Copyright © 1999 by ASME



al. (1992) was given by

8 .
Tij_?rkk—csalj—i'AU IJAkk (20)

Tk = Crov+ Ak, (21)

where Ajj = p (UiU; — Gilj). Erlebacher et al. (1992) tested the
constant coefficient model a priori and by comparing DNS and
LES results of compressible isotropic turbulence and found good
agreement in the dilatational statistics of the flow, aswell as high
correlation between the exact and the modeled stresses. Zang et
al. (1992) compared the DNS and LES results of isotropic tur-
bulence with variousinitial ratios of compressibleto total kinetic
energy. They obtained good agreement for the evol ution of quan-
tities such as compressible kinetic energy and fluctuations of the
thermodynamic variables.

Moin et al.(1991) proposed a modification of the eddy-
viscosity model (18-19) inwhich thetwo model coefficientswere
determined dynamically, rather than input a priori, using the
identity (Germano 1992) L;; = Tij — Tjj, which relates the “re-
solved turbulent stresses’,

Lij = (PUiPUj/E)—lﬂPAUj/ﬁ, (22)

the subgrld -scale stresses > Tij and the subtest stresses Tjj =

p u.uJ p u.u,,wheref = pf/p and the hat repr@entstheapph-
cation of thetest filter G, of characteristic width A = 2A. Moin et
al. (1991) determined the model coefficients by substituting the
models (18-19) into (22) and contracting with §j; in this work
the contraction proposed by Lilly (1992) to minimizethe error in
a least-squares sense will be used instead. Accordingly, the two
model coefficients for the Dynamic Eddy-Viscosity model (de-
noted hereafter by the acronym DEV) will be given by

(LijMij)
(MigMyg)

l <errnM nn>

2 1
C=C= 3 (MyMy)

where Bij = ~20% |9(S - 8S«/3), Mij = Bij — &, B =
2A%p |S|2, and the brackets (-) denote averaging over the compu-
tational volume. Dynamic model adjustment can be also applied
to the mixed model (20-21), to yield the Dynamic Mixed model
(DMM)

_ (LiiMij) = (M) 1 (LmMin) + (NemMnn)

C= (MM 3 (MM} (24
_ (b — Nigo)
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Figure 2. A priori comparison of the normal SGS stresses 1.
DEV; -——- DMM; —-— DMM-1; /A DNS. (a) Correlation coefficient; (b)
rmsfluctuations.

with B :ﬁ(ﬁi'ﬁj —ﬁi’f]j), and N;; = Bjj —ATJ One advantage
of mixed modelsis that they allow one to model the trace of the
SGS stresses without requiring a separate term of the form (19).
A one-coefficient dynamic mixed model (DMM-1) would be of
the form

Tij = Cotij + Ajj, (26)
with

LijMij) — (NiMij)

A
c= (MM

(27)

Figures 2 and 3 compare the diagonal and off-diagonal com-
ponents of the SGS stress tensor predicted by the various mod-
els. Consistent with the results of previous investigators eddy-
viscosity models are not to be able to predict the rms of the SGS
stresses very accurately. All models have high correlation with
the DNS data, although, for the DEV model, that is due to the
trace of 1. The eddy-viscosity prediction of the off-diagonal
terms (Fig. 3) has, in fact, a much lower correlation coefficient.
In general, the one-coefficient mixed model (26-27) appears to
be the most accurate among those tested. Its correlation with
the exact SGS stresses is adways greater than 0.8, and the pre-
diction of the rms is consistently more accurate than that of the
eddy-viscosity model (and is also more accurate than that ob-
tained with the two-coefficient mixed model, in which the SGS
energy is modeled separately).

The coefficient Cs remained nearly constant at avalue of 0.15
throughout the calculation, consistent with the theoretical argu-
ments (Yoshizawa 1986). The coefficient of the SGS energy, G,
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Figure 3. A priori comparison of the off-diagonal SGS stresses .
DEV; -—- DMM and DMM-1; /A DNS. (a) Correlation coefficient;
(b) rms fluctuations.

on the other hand, has a value three times higher than predicted
by the theory, consistent with the results of Moin et al. (1991).

4 Models for the energy equations

A comparison of the magnitude of the unclosed terms in
the three forms of the energy equation (5), (6) and (7) is shown
in Fig. 4. Unlike in the mixing layer studied by Vreman et
al. (1995b), in this flow the pressure dilatation Iy is negligi-
ble, and the viscous dissipation &, isless than one-tenth of the di-
vergence of the SGS heat flux. Thus, the only term that requires
modeling in the internal energy or enthalpy equationsis Qj. In
the total energy equation, on the other hand, the SGS turbulent
diffusiondJ;/ox; issignificant. In the following, several models
for the more significant terms will be examined.

The most important term to be closed (Fig. 4) is the diver-
gence of the SGS heat flux (10). The simplest approach isto use
an eddy-diffusivity model of the form:

Apl§ ot
Prr ox;’

N L
Q= Prr oxj c

(28)

where C is the eddy-viscosity coefficient in (23). The turbulent
Prandtl number Pry can befixed, or adjusted dynamically accord-
ing to Prr = C(T,Ty) /(K| T;), where

K; = (pU;pT/p) ~pUipT/5 . (29)
oo a% —2_/~§-|:

Ty = AP |95 - +ADIS5- (30)
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Figure 4. Comparison of unclosed terms in the energy equations. (a)
Terms in the internal energy or enthalpy equations; (b) total energy equa-
tion. Divergence of the SGS heat flux, dQ /0Xj; —-— SGS vis-
cous dissipation &; —— - pressure dilatation I'ly; ——— SGS turbulent
diffusion 9J;/0Xj; —A— SGS viscous diffusion dD; /0X;.

A mixed model of the form

—2 o~ o~ —
_cAPISIT (ﬁﬁ—ﬁjT) (31)

Q= Prr ox;

was proposed by Speziale et al. (1988). The model coefficient C
is given by (24); Pry can again be assigned a priori or adjusted
dynamically according to

(TiTi)

Pr=C—— KK ___
TR T - VT

(32)

with
Vj :6 (vﬁjf—vﬁjf) -p (ﬁjf—ﬁjf) (33

In Figure 5 the models described above are compared. The
eddy-diffusivity models have poor correlation withthe DNS data,
as is the case with these types of model. The constant-Pr case
(the value used was 0.7, following Zang et al. 1992) givesavery
low value of the rms of the modeled Q;. A lower value, Prr =
0.4, as used by Speziale et al. (1988) would, however, give rms
fluctuationsnearly identical to those predicted using the dynamic
procedure. The mixed model gives the best correlation with the
data (again around 0.8), but over-predictsthe rms; at early times
the mixed model gives results in better agreement with the data
than the eddy-diffusivity one, but for t/1; > 3 the latter gives
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Figure 5. Coefficient, correlation and rmsof the model for the SGS heat
flux Qj. (a) Turbulent Prandtl number, Prr; (b) correlation coefficient;

(c)rms. Eddy-diffusivity model, fixed Prandtl number,——- eddy-
diffusivity model, variable Prandtl number;,—-— mixed model; /A DNS.

more accurate results. A limitation of this study is the fact that
thefilter width isalready in the decaying region of the spectrum,
asituation that has been shown to degrade the accuracy of the dy-
namic procedure (Meneveau and Lund 1997).

The other term that can be significant in the enthalpy or in-
ternal energy equations is the viscous dissipation €. Vreman et
al. (1995b) proposed three models for thisterm:

eV = Ca <8ji§|j_§ijé‘l'); (39
—~3 ~ QL=

&2 = Copd/A, F~AFH (35)

e = C.opePa, G ~ Uil — Uil (36)

Thefirstisascale-similar model; the second and third use dimen-
sional analysis to represent the SGS dissipation as the ratio be-
tween the cube of the SGS velocity scale, g, and the length scale,
and assign the velocity scale using either the Yoshizawa (1986)
model (19) or the scale-similar model. For consistency, each of
the last two models should be coupled with the corresponding
model for 1,4. Based on their DNS data, Vreman et al. (1995b)
fixed the values of the coefficientsthat givethe correct magnitude
for thisterm and obtained: C;1 = 8,Cep = 1.6 and C.3 = 0.6. Al-

1 2 t/r, 3 4

Figure 6. Coefficient, correlation and rms of the model for the viscous
dissipation &,. (a) Model coefficient; (b) correlation coefficient; (c) rms.
Scale similar (34); ——- Dynamic (35); —-— Dynamic (36);
A\ DNS.

ternatively, the dynamic procedure can be used to give

(518 -oips /p2) = (M=), (@

where
EY = Ca (éjiélj_éijélj) ; (38)
=23~ X2 o
EY =Capd /A, § ~A%SA (39)
~x3 2 £ $%
EY¥ = Capd /A, q ~ Ulj—Gu;. (40)

Model coefficients obtained from the dynamic procedure in
this form (in which there is no contraction) can become ill-
conditioned, since the two terms in the denominator may be ap-
proximately equal, giving spuriously high values of the denom-
inator. This behavior was observed in model (34), in which ac-
ceptable results were obtained only if C.; was constrained to be
positive, and model (35). The model given by (36), on the other
hand, was well behaved.

Figure 6 compares the predictions of the three models. The
values of the coefficients obtained from the present a priori test
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are lower than those obtained in the mixing layer by Vreman et
al. (1995b). The pure scale-similar model (34) and the model
(36), which also uses scale similarity to supply the vel ocity scale,
give the best correlation and nearly correct rms amplitudes. The
rms predicted by themodel (35) istwo orders of magnitudelarger
thanthe others, and cannot be seen inthe plot. Inthisflow the co-
efficients obtained from the mixing layer data would yield high
values of the modeled rms, indicating some lack of universality
for the modeling of thisterm.

Thetwotermsin thetotal energy equation that require mod-
eling are the SGS turbulent diffusion dJ;/dx; and the SGS vis-
cous diffusion dD/dx;. The only calculation that attempted to
model the former was that by Knight et al. (1998). They argued

that Uj ~ U; and proposed a model of the form
Jj ~ ﬁk‘tjk. (41

Thismodel is compared inFig. 7 with the DNS data; 7 was ob-
tained from the DMM-1 model (41). The model has a high cor-
relation with the data (of order 0.8), and the rms also matches
the data well. It should be noticed, however, that the model is
built upon the prediction of the SGS stresses by DMM-1, which
over-predicts the rms of the normal stresses by 30%, that of the
off-diagonal ones by about 50%. It appears that the modeling as-
sumption by itself might underestimate thediffusion, an error that
is compensated by one of opposite sign in the SGS stress model.
The high correlation, however, indicates that addition of a model
coefficient, perhaps adjusted dynamically, may be beneficial.
The SGS viscous diffusion dD;/dx; is the smallest of the
termsin the total energy equation. It is 5% of the divergence of
Qj att/t = 1, but increases to about 10% at the final time. No
model for this term has been proposed in the literature to date.

Knight et al. (1998) model;

15
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Figure 8. Coefficient, correlation and rms of the model for the viscous
diffusion Dj. (a) Model coefficient; (b) correlation coefficient; (c) rms.
Scale-similar model; /A DNS.

One possibility is to parameterize it using a scale-similar model
of theform

Dj:CD(m—éijui)a (42)

in which the coefficient can be obtained from

o PG poi Pt R.
52 62 J (43)
C = 3
° (RkRw)
where
R = (a Jic— G kﬁk) — <5| Uk — O kﬁk) : (44)

As can be seen from Fig. 8, however, this approach givesafairly
poor correlation, and fair agreement for the prediction of therms
intensities. Thiserror may, however, be tolerable given the small
contributionthat thisterm givesto the energy budget.

5 Conclusions
Severa mixed and eddy-viscosity modelsfor the momentum
and energy equations have been tested. The velocity, pressure,
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density and temperature fields obtained from the DNS of homo-
geneousisotropicturbulenceat Re, = 35, M; = 0.52werefiltered
and the unclosed terms in the momentum, internal energy and to-
tal energy equations were computed.

In the momentum equation, mixed models were found to
givebetter prediction, intermsof both correlation and rmsampli-
tude, than the pure eddy-viscosity models. The dynamic adjust-
ment of themodel coefficient was beneficial, as already observed
by Moin et al. (1991).

In the internal energy and enthalpy equations, in this flow,
only thedivergence of the SGS heat flux was significant; the SGS
pressure dilatation Iy and viscous dissipation €y, which were
significant in the mixing layer studied by Vreman et al. (1995h),
were found to be negligible here. Once again, mixed dynamic
models gave the most accurate results. In particular, the turbu-
lent Prandtl number obtained dynamically was somewhat lower
than the value of 0.7 often assigned a priori.

Inthetotal energy equationtwo additional terms are present,
one of which, the turbulent diffusion 0J ;/0x; is significant. The
model proposed by Knight et al. (1998), which parameterizes the
turbulent diffusion in terms of the SGS stresses, correlates well
with the actual SGS stresses, and predicts the correct rms ampli-
tude. A mixed model for the SGS turbulent diffusion has also
been proposed and tested, although thisterm ismuch smaller than
the others.

Although the preliminary results obtained in this investiga-
tion are promising, and indicate that it is possible to model the
termsin the energy equations, and in particular in the total energy
one, accurately, further work isrequired to extend these resultsto
cases in which the pressure-dilatation is significant, as well as to
inhomogeneous flows. A posteriori testing of the modelsin ac-
tual calculationsisalso necessary for acomplete eval uation of the
model performance.
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