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The large eddy simulation (LES) of a compression ramp shock wave and turbulent
boundary layer interaction (STBLI) is presented. The ramp angle is 24� and the incoming
boundary layer 
ow conditions are Mach 2.9 and Re� 2900. The LES data are in good
agreement with existing direct numerical simulation (DNS) data with the same incoming

ow parameters. The accuracy and reduced resolution requirements of the LES as com-
pared to the DNS enables the ability to resolve the aperiodic cycle of the low-frequency
unsteadiness characteristic of these 
ows.

Nomenclature

p pressure
� density
T temperature
u; v; w streamwise, spanwise, and wall-normal velocity
U1 freestream velocity
u� friction velocity
� dynamic viscosity
� kinematic viscosity
M Mach number
� 99% boundary layer thickness
�� compressible displacement thickness
� compressible momentum thickness
Re� Reynolds number based on momentum thickness, �, and freestream values U1 and �1
Cf skin-friction coe�cient
i; j; k computational coordinates in streamwise, spanwise, and wall-normal directions
x; y; z physical coordinates in streamwise, spanwise, and wall-normal directions
Crk optimal weight for stencil k, using r grid points
!k weight of stencil k
ISk smoothness measurement index of stencil k
TVk total variation of 
ux over stencil k

Superscript
� coordinates referenced to compression corner location
+ nondimensionalization by inner units, �w=u�
Subscript
w wall quantity
1 freestream quantity
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I. Introduction

The interaction of a shock wave with a turbulent boundary layer is a common and important 
ow feature
in many compressible 
ow applications. A key physical aspect of STBLIs is the low-frequency unsteadiness
that occurs when the mean-
ow is separated. If U1=� is the characteristic frequency of the energetic scales
in the in
ow boundary layer, then the characteristic frequency of the shock motion will typically be 1 to 2
orders of magnitude lower, i.e. O(0:1� 0:01U1=�).

1,2

The cause of the low-frequency unsteadiness is still under debate. It has been proposed that the shock
motion is due to the upstream boundary layer, see e.g. Ganapathisubramani, Clemens and Dolling,3 or,
alternatively, that it is due to the downstream separated 
ow, see e.g. Dupont et al.,4 Dussauge et al.,5 and
Piponniau et al.6

Recent large eddy simulations (LESs) and direct numerical simulations (DNSs) capture the low-frequency
unsteadiness. The ability of LES to capture the important physical aspects of STBLI 
ows has been demon-
strated (e.g. Garnier, Sagaut and Deville,7 Loginov, Adams and Zheltovodov,8 and Morgan, Kawai and
Lele9). Touber and Sandham10 performed the LES of a re
ected STBLI at Mach 2.3 and Re� 5900, match-
ing experimental 
ow conditions.5 The low-frequency unsteadiness is present in their simulations at the same
frequency as in experiments. They use a new in
ow technique to ensure that no arti�cial low-frequency forc-
ing is introduced into the computation. A stability analysis is also performed, and this shows the presence
of a global instability mode which could be connected to the observed low-frequency unsteadiness. Wu and
Mart��n11,12 performed the DNS of a 24� compression ramp at Mach 2.9 and Re� 2300. They validated their
results (in terms of separation length, mean wall-pressure distribution, evolution of the mean 
ow through
the interaction) against experiments by Bookey et al.13,14 at matching conditions. In addition, Ringuette,
Wu and Mart��n15 validated the 
uctuating wall-pressure in the DNS against the experiments by Ringuette
and Smits.16,17 The shock motion was inferred in the DNS from wall-pressure 
uctuations, and mass-
ux

uctuations in the freestream, and its frequency was found to agree with a scaling previously proposed.5

Priebe and Mart��n18 describe the low-frequency dynamics from the temporal evolution of low-pass �ltered
DNS 
ow �elds and �nd evidence that structural changes occur in the downstream separated 
ow during the
low-frequency motion. They show that the observed structural changes are reminiscent of the global linear
instability mode described by Touber and Sandham.

The LES data of the Mach 2.9 Re� 2900 
ow for the 24� compression ramp con�guration and validation
against existing DNS data for the same conditions are presented. In Section II, the numerical methods used
in the LES are presented. Section III describes the computational domain, boundary conditions and initial
conditions. The results of the incoming turbulent boundary layer and the time- and spanwise-averaged com-
pression ramp 
ow are presented in Section IVA and IVB respectively. Evidence of the shock motion and
wall-pressure 
uctuations characteristic of STBLI 
ows is shown in Section IVC. Validation of the LES data
demonstrates progress towards its capability to capture 
ow features seen in the DNS data at a signi�cantly
reduced computational cost.

II. Numerical Methods

The LES solves the Favre-�ltered Navier-Stokes equations (1) - (3) where the Favre-�lter is de�ned as ef =
�f=�. The resolved, large-scale variable is de�ned as f(x) =

R
D
f(x0)G(x; x0 : �)dx0, where D is the domain,

G is the �lter function, and � is the �lter-width. The di�usive 
uxes are de�ned as ��ij = 2�Sij � 2
3��ijSkk,

E is the total energy, 
 is the ideal heat capacity ratio for dry air, and cv is the heat capacity at constant
volume. On the right hand side of the Favre-�ltered Navier-Stokes equations, the subgrid scale stresses
�ij = �(guiuj � eui euj), and heat 
ux Qj = �(gujT � euj eT ) are modeled using the one-coe�cient dynamic mixed
model. The subgrid scale turbulent kinetic energy di�usion term Jj = �( gujukuk � euj gukuk) is modeled using
the model by Knight et al., 1998.19 The subgrid scale viscous di�usion term, Dj , is not modeled due to
its small contribution compared to the other subgrid scale terms. Further information on the subgrid scale
models used here is provided in Mart��n, Piomelli and Candler.20

@�

@t
+

@

@xj
(� euj) = 0 (1)

@

@t
(� eui) +

@

@xj
(� eui euj + p�ij � ��ij) = � @

@xj
�ij (2)
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@

@t
(E) +

@

@xj

�
(E + p) euj + �qj � ��ij ~ui

�
= � @

@xj
(
cvQj +

1

2
Jj �Dj) (3)

The governing equations are solved using a curvilinear �nite di�erence code. The viscous 
uxes and the
subgrid scale terms are discretized using 4th order central di�erence scheme. Time integration is performed
using 3rd-order, low-storage Runge-Kutta method.21

The inviscid 
uxes are discretized using a shock-capturing Weighted Essentially Non-Oscillatory (WENO)
method, linearly and nonlinearly optimized. The 
ux terms are computed using a modi�ed fourth-order
bandwidth-optimized WENO method with limiters. The limiters are used in the smoothness measurement
which determines the existence of a discontinuity within the stencil over which the 
ux is computed. In
order to prevent excessive numerical dissipation in the 
ow�eld, absolute and relative limiters, (4) and (5)
respectively, are used together in determining the weight of each stencil. The impact of using these limiters
is shown through 2D nonlinearity index contour plots, where the nonlinearity index (NI) is de�ned as (6).
The NI ranges from 0 to 1 such that it is nonzero for regions near discontinuities in 
ow�eld values. For both
the simulation and Figure 2, the threshold values are AAL = 0:0001, ATVRL = 4:5, and BTVRL = 0:2. These
limiter thresholds are di�erent from those used in a previous DNS.11 In Figure 1, the nonlinearity index
without the use of limiters is calculated for an instantaneous 
ow�eld showing excessive dissipation in the
entire boundary layer throughout the 
ow�eld, decreasing the accuracy of the simulation. Figure 2 shows
the nonlinearity index after both the absolute and relative limiters have been applied, showing numerical
dissipation at the shock while decreasing dissipation within the boundary layer. In this case, the nonlinearity
index remains high within and downstream of the separated region, which leads to errors in the wall-pressure
distribution as described in Section IVB. A more in-depth explanation of the WENO method used here is
provided in Mart��n, Taylor, Wu and Weirs,22 Taylor, Wu and Mart��n 2007,23 Wu and Mart��n, 2007,11 and
Grube and Mart��n.24

!k =

8<:Crk ; if max(ISk) � AAL
!k; otherwise

(4)

!k =

8<:Crk ; if max(TVk)=min(TVk) � ATVRL and max(TVk) � BTVRL
!k; otherwise

(5)

NI =
1

(r(r + 1))1=2

� rX
k=0

�
[1=(r + 1)]� [(!k=C

r
k)=
Pr
k=0(!k=C

r
k)]

[1=(r + 1)]

�2�1=2
(6)

III. Computational Setup

The LES is performed on a grid consisting of 288� 40� 64 points in the streamwise, spanwise, and wall-
normal directions for a total of approximately 0.74 million points, a 96% reduction in the number of points
as compared to the DNS of the same 
ow. The grid is generated using the analytical method described in
Wu and Mart��n25 such that the grid points are clustered at the wall and at the corner. The grid resolution
in the streamwise direction is �x+max = 32:4 and �x+min = 13:5. The grid spacing is uniform in the spanwise
direction such that �y+ = 16:7. The �rst point above the wall is �z+1 = 0:38. The dimensions of the
computational domain are shown in Figure 3. This domain has approximately the same dimensions as the
DNS presented in Wu and Mart��n, 2007.11

At the inlet, the rescaling method for compressible 
ows described in Xu and Mart��n26 is used to generate
continuous in
ow data from a streamwise location upstream from the interaction region and far enough
downstream such that the autocorrelation of the streamwise velocity decays to zero. This rescaling length
of 5:07� is su�ciently long to satisfy the Eulerian decorrelation criterion described in Priebe and Mart��n.18

Due to the spurious correlation in the short rescaling box, the freestream 
ow has been �ltered at the inlet to
eliminate acoustic noise outside of the boundary layer. The outlet has a supersonic exit boundary condition,
and the top boundary has a freestream boundary condition. Periodic boundary conditions are applied in the
spanwise direction. The wall boundary condition is isothermal where Tw = 307K. The dynamic viscosity,
�, is de�ned using Sutherland’s formula in the entire 
ow�eld.

The compression ramp 
ow is initialized using DNS data from a turbulent boundary layer simulation
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with the same incoming 
ow parameters. The DNS data is �ltered to LES resolution using a tophat �lter
described in Mart��n, Piomelli and Candler.27 In this case, the LES turbulent boundary layer data has a
factor of 4 fewer points in the streamwise and spanwise directions and a factor of 2 fewer points in the
wall-normal direction. In Figure 4, it can be seen that approximately 15% of the turbulent kinetic energy
is contained in the subgrid scales. The �ltered TBL data is then interpolated onto the compression ramp
curvilinear grid.

IV. Results

A. Incoming Boundary Layer

The Mach number, M , is de�ned as the freestream velocity, U1, divided by the freestream speed of
sound. The momentum thickness, � and the displacement thickness, ��, are computed using compressible
de�nitions. The Reynolds number, Re� = U1�=�1, is based on the momentum thickness and freestream
quantities for velocity and dynamic viscosity, and H is the shape factor. The values of the incoming boundary
layer 
ow parameters are shown below in Table 1.

Table 1. Flow parameters of incoming fully turbulent boundary layer

M Re� � [mm] �� [mm] H Cf

LES 2.92 2:9� 103 0.54 2.42 4.48 0.00187

DNS18 2.91 2:9� 103 0.47 2.58 5.49 0.00219

B. Time- and Spanwise-averaged Results

Statistics of the 
ow are gathered over 350�=U1 at a frequency of approximately 1U1=�. This is approxi-
mately the same simulation length used in validating the DNS of the STBLI compression ramp con�guration
presented in Wu and Mart��n, 2007.11 In Figure 5, an instantaneous numerical schlieren plot from the LES
data shows the same 
ow features seen in the DNS data; the turbulence structures in the incoming boundary
layer are of a similar length, the turbulence is ampli�ed downstream of the main shock, and the main shock
exhibits wrinkling.

The separation length is determined from the time- and spanwise-averaged distribution of Cf in Fig-
ure 6a. The superscript ‘*’ denotes the streamwise coordinate measured along the wall with the origin at the
corner of the compression ramp such that x�=� = 0. The separation point is x�=� = �2:1 which is identical
to the DNS result, and the reattachment point is x�=� = 0:66, slightly upstream of the DNS result and
leading to a decrease in separation length of about 7%. Within the separated 
ow region, in
ection points
near the separation point and within the separated region in the Cf distribution indicates that the LES
captures the same 
ow features seen in the DNS of the same con�guration. The wall-pressure distribution,
shown in Figure 6b, shows agreement at the inlet as well as at recovery well downstream of the compression
corner. In the separated 
ow region, the pressure plateau characteristic for STBLI does not fully develop,
causing an overprediction of the wall-pressure immediately downstream of the separation point. The unde-
veloped wall-pressure plateau in the DNS data was attributed to the need for di�erent threshold values for
the absolute and relative limiters used in the implemented WENO method described in Section II.28 Taylor,
Wu and Mart��n23 completed an in-depth study to determine limiter values that were robust for the given
numerical methods on DNS grids. A similar study has not been carried out for LES resolution grids.

The maximum mass-
ux turbulence intensity, in Figure 7, shows an ampli�cation of a factor of 4.5 down-
stream of the interaction as compared to the upstream value. This is consistent with the results for the
similar 
ow con�guration presented in Wu and Mart��n, 200711 in which the mass-
ux turbulence intensity
ampli�cation is found to be predominately a result of the pressure rise, which in turn is determined by the
compression ramp angle and the Mach number.
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C. Shock motion and wall-pressure 
uctuation

Shock motion is inferred from the wall-pressure signal. In Figure 8, the wall-pressure signal is shown for
the incoming boundary layer -5.9� upstream of the compression corner, for the time- and spanwise-averaged
separation point at -2.1�, and inside the separated region at -1.1�. For both the wall-pressure signals at the
mean separation point and inside the separated region, the values exhibit a high-frequency 
uctuation and a
low-frequency 
uctuation on the order of O(0:01U1=�), corresponding to a shock Strouhal number of 0.028.
While this data only captures a couple of these periods, it is evident that this implementation of LES is
capable of resolving the aperiodic low-frequency cycle in a dataset that spans a longer time period.

V. Conclusion

The LES data for the Mach 2.9 Re� 2900 shows good agreement to existing DNS data for the same
incoming 
ow conditions. Using 96% fewer points than the DNS,18 the LES data is able to capture charac-
teristic 
ow features of a compression ramp 
ow. An instantaneous numerical schlieren qualtitatively shows
the turbulent structures in the 
ow�eld as well as the shock. The time- and spanwise-averaged friction
coe�cient shows similar structure within the separation bubble and accurately predicts the separation and
reattachment points. The mass-
ux turbulence intensity shows the same increase across the shock as seen
in DNS data with the same 
ow�eld con�guration.11 This short dataset demonstrates progress towards the
LES capability of capturing the low-frequency unsteadiness characteristic of STBLI 
ows.
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Figure 1. Nonlinearity index for compression ramp case without limiters

Figure 2. Nonlinearity index for compression ramp case with both absolute and relative limiters
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Figure 3. Computational domain with instantaneous 
ow �eld from LES visualized by isosurface jr�j�=�1 = 1:5
with colored contour plot of normalized streamwise velocity, u=U1 ranging from -0.3 (blue) to 1 (red)

Figure 4. TKE pro�les from turbulent boundary layer in DNS resolution, LES resolution, and percent energy
modeled in subgrid scale terms
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Figure 5. Instantaneous numerical schlieren for the LES. NS = c1exp[�c2(jr�j � jr�jmin)=(jr�jmax � jr�jmin)],
where c1 and c2 are constants

Figure 6. Time- and spanwise-averaged distribution of: (a) skin friction coe�cient Cf ; and (b) wall-pressure
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Figure 7. Time- and spanwise-averaged mass-
ux turbulence intensities upstream (x�=� = �4:1) and down-
stream (x�=� = 4:2) of the interaction

Figure 8. Wall-pressure 
uctuations upstream (x�=� = �5:9), at the mean separation point (x�=� = �2:1), and
inside the separation bubble (x�=� = �1:1)
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